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w x w xLet S: 0, 1 ª 0, 1 be a piecewise monotonic transformation satisfying some
 . ny 1 jconditions. We show that time averages 1rn  f (S converge strongly injs0
p . p .L 0, 1 and pointwisely almost everywhere for any f g L 0, 1 , where 1 F p - `.
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1. INTRODUCTION
Since the publication of von Neumann's Mean Ergodic Theorem and
Birkhoff's Individual Ergodic Theorem for measure preserving transforma-
tions in 1931, there have appeared various generalizations of these classic
 wresults to Cesaro sum bounded linear operators in Banach spaces see 1,
x .4 for more details . Let X be a function space and T : X ª X a bounded
linear operator. Mean ergodic theorems or pointwise ergodic theorems
concern the convergence of the sequence of a¨erages
ny11
jA T f s T f . n n js0
in X or in the pointwise sense, where f g X. Such considerations have
many applications in ergodic theory, statistical physics, among others see,
w x .e.g., 5 for many uses of averages of linear operators .
w x w xLet S: 0, 1 ª 0, 1 be a piecewise monotonic transformation that is
either piecewisely stretching or convex with a strong repellor. We shall
prove a mean ergodic theorem and a pointwise ergodic theorem for the
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composition operator U : f ª f (S corresponding to S: the time averageS
sequence
ny1 ny11 1
j jA U f s U f s f (S .  n S Sn njs0 js0
p .converges strongly in L 0, 1 and pointwisely almost everywhere for any
p .f g L 0, 1 with 1 F p - `.
The proof of the mean ergodic theorem will be given in the next section.
Section 3 will present the pointwise ergodic theorem and explore some
structure of the limit functions, and we conclude in Section 4.
2. THE MEAN ERGODIC THEOREM
w xIn 1960, S. Ulam proposed 9 the following conjecture: if a transfor-
w x w x <  . <mation S: 0, 1 ª 0, 1 satisfies inf S9 x ) 1, then thex g w0, 1x
1 . 1 .Frobenius]Perron operator P : L 0, 1 ª L 0, 1 associated with S de-S
fined by
w xP f dm s f dm, A ; 0, 1 m-measurableH HS y1 .A S A
has a fixed density, where m is the usual Lebesgue measure. In 1973,
w x 2Lasota and Yorke 6 proved this conjecture for a class of piecewise C
and stretching mappings as the following theorem states.
 . w x w xTHEOREM 2.1 Lasota]Yorke . Let S: 0, 1 ª 0, 1 satisfy that
 . w xi there is a partition 0 s a - a - ??? - a s 1 of 0, 1 such that0 1 r
< 2S is of C for each i s 1, . . . , r,a , a .iy1 i
 .ii there exists a constant l ) 1 such that
S9 x G l for x / a i s 0, 1, . . . , r , .  .i
 .iii and there exists a constant c such that
S0 x .
F c for x / a i s 0, 1, . . . , r . .i2S9 x .
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1 .Then, for all f g L 0, 1 , the sequence
ny11
jA P f ' P f . n S Sn js0
1 Ä 1 .  .con¨erges strongly in L 0, 1 as n ª ` to some f g L 0, 1 of bounded
Ä Ä¨ariation with P f s f.S
The Lasota]Yorke theorem can be viewed as a mean ergodic theorem
for the Frobenius]Perron operator. In this section we prove another mean
ergodic theorem for the composition operator. Namely we show that,
p .under the conditions of Theorem 2.1, for any f g L 0, 1 with 1 F p - `,
ny11
jf (Sn js0
p . p .converge in the usual norm of L 0, 1 to some f * g L 0, 1 .
 .Let M 0, 1 be the vector space of all Lebesgue measurable functions on
w x  .0, 1 . Functions in M 0, 1 that are equal almost everywhere are consid-
w x w xered the same. For a nonsingular transformation S: 0, 1 ª 0, 1 , that is,
 .  y1 ..  .  .m A s 0 implies m S A s 0, the operator U : M 0, 1 ª M 0, 1S
which is defined by
U f x s f S x for all f g M 0, 1 .  .  . .S
is called the composition operator associated with S. The restriction U :S
` . ` . ` .L 0, 1 ª L 0, 1 of the composition operator to L 0, 1 with the usual
norm is sometimes called the Koopman operator which is the dual of the
w xFrobenius]Perron operator P 5 . It is well-known that U is an isometryS S
p .from L 0, 1 into itself if the Lebesgue measure m is invariant under S,
 y1 ..  . w xthat is, m S A s m A for all measurable subsets A of 0, 1 . But in
p .general U may not map L 0, 1 into itself. A necessary and sufficientS
w x p . p .condition 2, Lemma VIII.5.7 for U : L 0, 1 ª L 0, 1 to be wellS
defined and continuous for every 1 F p - ` is that
y1m S A . . w xsup A ; 0, 1 m-measurable s M - `. 1 . 5m A .
 . 5 5 1r p 5 5Moreover, if 1 is satisfied, then U s M , where U is thep pS S
p . p . poperator norm of U : L 0, 1 ª L 0, 1 with respect to the L -normS
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5 5  1 < < p .1r p p .f s H f dm of L 0, 1 . Furthermore, if there is a constant Mp 0
for which
ny11
yjm S A F Mm A , n s 1, 2, . . . 2 .  .  . .n js0
w x  .for all m-measurable subsets A of 0, 1 , then the averages A U 'n S
 . ny1 j p .1rn  U are uniformly bounded and strongly convergent in L 0, 1js0 S
w xfor every p with 1 F p - ` 2, Theorem VIII.5.9 . In the following, let
y1  .  y1 ..n s m(S be the measure defined by n A s m S A and let
ny1 ny11 1
j yjA n s n s m(S . .  n n njs0 js0
 .  . .  .Note that the condition 2 amounts to saying that A n A F Mm An
for all n s 1, 2, . . . , which gives a kind of ``uniform absolute continuity'' of
  .4the sequence of measures A n with respect to the Lebesgue measuren
m.
w x w xTHEOREM 2.2. Suppose S: 0, 1 ª 0, 1 satisfies all the conditions of the
p .Lasota]Yorke theorem. Let 1 F p - ` and f g L 0, 1 . Then
lim A U f s f * 3 .  .n S
nª`
with U f * s f *. Moreo¨er,S
1 1
lim f dA n s f * dm. 4 .  .H Hn
nª` 0 0
If , in addition, S is ergodic with respect to m, then
1
f * x s lim f dA n m-a.e. 5 .  .  .H n
nª` 0
w x  .Proof. From Theorem VIII.5.9 in 2 , to prove 3 , it is sufficient to
 .show that 2 is satisfied. From the definition of Frobenius]Perron opera-
w xtors, we have for any m-measurable subset A ; 0, 1 ,
m Syj A s 1 dm s P j1 dm. . . H H Syj .S A A
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 .Hence, the left hand side of 2 is
ny11
jP 1 dm s A P 1 dm. .H HS n SnA Ajs0
 w x w xFrom the proof of the Lasota]Yorke theorem see 6 or 5 for more
. ndetails , there is a constant K such that the total variation of P 1 satisfiesS
1
nP 1 F K , n s 1, 2, . . . .E S
0
Therefore, for all n s 1, 2, . . . ,
1 ny1 1 ny11 1
jA P 1 F P 1 F K s K . .E  E n S Sn n0 js0 0 js0
5 5 w xNow for each n, since A 1 s 1 and A 1 G 0, there is y g 0, 1 such1n n
 .  . w xthat A P 1 y F 1. Let x g 0, 1 . Thenn S
A P 1 x y A P 1 y F A P 1 x y A P 1 y .  .  .  .  .  .  .  .n S n S n S n S
1
F A P 1 F K , .E n S
0
which implies that
A P 1 x F A P 1 y q K F 1 q K . .  .  .  .n S n S
It follows that
A P 1 dm F 1 q K m A . .  .  .H n S
A
 .That is, 2 is true with M s 1 q K.
 .  .To prove 4 , note that the strong convergence of A U f to f * inn S
p .  .L 0, 1 implies the weak convergence of A U f to f *. Thus,n S
ny111 1 1jlim A U f dm s lim U f dm s f * dm. . H H Hn S Snnª` nª`0 0 0js0
w x 1 jUsing the change of variable theorem 2 , we have H U f dm s0 S
H1 f dm(Syj s H1 f dn j, which implies0 0
1 1
lim A U f dm s lim f dA n . .  .H Hn S n
nª` nª`0 0
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Now if S is ergodic, then U f * s f * implies that f * is constant almostS
w x  .everywhere by Theorem 4.2.1 of 5 . Thus 5 follows.
The next result is about the mean ergodic theorem for piecewise convex
 n4mappings with a strong repellor x s 0. In this case the iterates P of theS
w xFrobenius]Perron operator P are asymptotically stable 7 . That is, PS S
Ä n Ähas a unique fixed density f such that lim P f s f for every densitynª` S
1 .f g L 0, 1 .
w x w xTHEOREM 2.3. Let S: 0, 1 ª 0, 1 satisfy that
 . w xi there is a partition 0 s a - a - ??? - a s 1 of 0, 1 such that0 1 r
< 2S is of C for each i s 1, . . . , r,w a , a .iy1 i
 .  .  . w .  .ii S9 x ) 0 and S0 x G 0 for all x g 0, 1 , where S9 a andi
 .S0 a are right deri¨ ati¨ es,i
 .  .iii S a s 0 for each integer i s 1, . . . , r, andi
 .  .iv S9 0 ) 1.
Then the conclusion of Theorem 2.2 is still true.
w xProof. It was shown in 5, Theorem 6.3.1 that for any nonincreasing
1 .function f g L 0, 1 ,
lK
nP f x F f 0 q , n s 1, 2, . . . , .  .S l y 1
 . r   ..where l s S9 0 ) 1 and K s  1r a S9 a . In particular, weis2 iy1 iy1
n  .  .have P 1 x F 1 q lKr l y 1 for all n s 1, 2, . . . . It follows thatS
lK
A P 1 dx F 1 q m A . .  .H n S  /l y 1A
 .  .Thus, 2 is true with M s 1 q lKr l y 1 .
w xRemark 2.1. From the above proofs and Theorem VIII.5.9 in 2 , for
 .any nonsingular transformation S: X ª X with X, S, m a finite measure
 .space, a general sufficient condition for A U f to converge inn S
p . w .L X, S, m with p g 1, ` is that there is a constant M such that
A P 1 dm F Mm A , ;A g S. 6 .  .  .H n S
A
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This condition in turn implies that the sequence of nonnegative functions
  . 4A P 1 is weakly compact, hence from the Kakutani]Yosida theorem,n S
Älim A P 1 s f .n S
nª`
Ä Ä Ä5 5  .with P f s f and f s m X .1S
Remark 2.2. Using the Uniform Boundedness Principle and Lemma
w xVIII.5.8 in 2 , we see that, for a nonsingular transformation S on a finite
 . 1 . 1 .measure space X, S, m , if U : L X, S, m ª L X, S, m is well definedS
 . 1 .and bounded, then the strong convergence of A U in L X, S, mn S
 .implies that 6 , or equivalently
ny11
yjm S A F Mm A , ;A g S 7 .  .  . .n js0
 . 1 .is true. Thus, the strong convergence of A U in L X, S, m is equiva-n S
 .lent to 7 , which is a stronger condition than the strong convergence of
 . 1 .A P 1 in L X, S, m which implies the existence of an invariant mea-n S
sure absolutely continuous with respect to m. Hence, if S does not
preserve an invariant measure which is absolutely continuous with respect
 .  .to m, then not only A P , but also A U do not converge strongly inn S n S
1 .L X, S, m . One example is
1xr 1 y x for x g 0, . 2
S x s . 1 2 x y 1 for x g , 1 2
for which x s 0 is a weak repellor.
 .  .Let N U y I and R U y I be the null space and the range of U y I,S S S
respectively, where I is the identity operator. Combining Theorem 2.2 or
w xTheorem 2.3 with Corollary VIII.5.2 in 2 , we immediately have
COROLLARY 2.1. Under the conditions of Theorem 2.2 or Theorem 2.3,
pL 0, 1 s N U y I [ R U y I , 8 .  .  .  .S S
 .  . ny1 jand A U s 1rn  U strongly con¨erge to E, where E is the projectionn S js0 S
1 .  .of L 0, 1 upon N U y I along R U y I . .S S
Remark 2.3. Corollary 2.1 may be viewed as a ``nonorthogonal'' version
of the basic idea in von Neumann's proof of his mean ergodic theorem.
We present another mean ergodic theorem to end this section.
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 .THEOREM 2.4. Let X, S, m be a finite measure space and S: X ª X a
Ä 1 .nonsingular transformation. Suppose f g L X, S, m is a nonnegati¨ e func-
tion such that S preser¨ es the measure m defined byÄ
Äm A s f dm , ;A g S. .Ä H
A
and there exist two positi¨ e constants a and b for which
am A F m A F bm A , ;A g S. .  .  .Ä
p .Then for any 1 F p - ` and f g L X, S, m ,
lim A U f s Ef , 9 .  .n S
nª`
p .  .where E is the projection of L X, S, m upon N U y I along R U y I . .S S
Furthermore,
lim f dA n s Ef dm , 10 .  .H Hn
nª` X X
where n s m(Sy1. If , in addition, S is ergodic with respect to m, then
Ef x s lim f dA n m-a.e. 11 .  .  .H n
nª` X
In particular, if
Ä0 - a F f x F b - `, x g X , m-a.e., .
the conclusion of the theorem is true.
 .  .Proof. The condition implies that m A F m A ra for all A g S.Ä
Hence,
ny1 ny1 yj ny11 1 m S A 1 b .Ä  .yjm S A F s m A F m A . .  .  .Ä .  n n a a n ajs0 js0 js0
w xNow Theorem VIII.5.9 in 2 gives the result.
1 .Remark 2.4. The condition of Theorem 2.4 implies that L X, S, m s
1 . 5 5 5 5L X, S, m and the two norms ? and ? are equivalent.Ä m mÄ
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3. THE POINTWISE ERGODIC THEOREM
w x w xSuppose S: 0, 1 ª 0, 1 is a mapping that satisfies the conditions of
Theorem 2.2 or Theorem 2.3. In this section we prove that the averages
 .  .  . ny1 j  . w xA U f x s 1rn  U f x converge for almost all x g 0, 1 forn S js0 S
p .f g L 0, 1 . The proof is based on the following lemma due to C. Ryll-
 w x.Nardzewski for a proof, see Theorem VIII.6.13 in 2 .
 .LEMMA 3.1. Let X, S, m be a finite measure space and S: X ª X a
1 .nonsingular transformation. Then for e¨ery f g L X, S, m there is a g g
1 .L X, S, m for which the limit
ny11
jg x s lim U f x .  . Snnª` js0
exists for almost all x g X, if and only if for some constant M,
ny11
yjlim sup m S A F Mm A , A g S. 12 .  .  . .nnª` js0
 .  .Remark 3.1. Comparing 12 with 7 , we know that the strong conver-
 . 1 .gence of A U in L X, S, m is stronger than the pointwise convergencen S
 . 1 .of A U f for all f g L X, S, m . Thus the following result is obvious.n S
w x w xTHEOREM 3.1. If S: 0, 1 ª 0, 1 satisfies the conditions of Theorem 2.2
p .or Theorem 2.3, then for all f g L 0, 1 ,
w xlim A U f x s Ef x , x g 0, 1 m-a.e., 13 .  .  .  .n S
nª`
1 .  .where E is the projection of L 0, 1 upon N U y I along R U y I as is .S S
gi¨ en in Corollary 2.1.
1 .Proof. First note that f g L 0, 1 . Since
ny11
yj w xm S A F Mm A , A ; 0, 1 measurable, n s 1, 2, . . . , .  . .n js0
from the proof of Theorem 2.2 or Theorem 2.3,
ny11
yjlim sup m S A F Mm A , n s 1, 2, . . . .  . .nnª` js0
w xfor all m-measurable A ; 0, 1 . The result follows from Lemma 3.1.
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p .THEOREM 3.2. Under the condition of Theorem 2.4, if f g L X, S, m ,
then
lim A U f x s Ef x , x g X m-a.e. 14 .  .  .  .n S
nª`
1  .Although the integral H Ef dm has the expression 4 and Ef is a0
 .constant given by 5 if S is ergodic, in general, the limit function Ef in
Theorem 3.1 is not easy to determine. Here we further explore the
structure of Ef when there is only one discontinuity of S in the
Lasota]Yorke theorem, that is, r s 2 in Theorem 2.1. The following
 .lemma is useful for obtaining the expression of Ef x .
LEMMA 3.2. For any positi¨ e integer k,
ny1 ny11 1
j k jlim f S S x s lim f S x .  . .  . . n nnª` nª`js0 js0
whene¨er the right hand side limit exists.
Proof. The lemma follows from
f Sk x q ??? qf Sny1qk x .  . .  .
n
n q k f x q ??? qf Snqky1 x f x q ??? f Sky1 x .  .  .  . .  .
s y
n n q k n
by taking limit n ª `.
w x w xTHEOREM 3.3. If S: 0, 1 ª 0, 1 satisfies the conditions of the
ÄLasota]Yorke theorem with r s 2, then P has a unique fixed density f gS
1 . p .L 0, 1 and for all f g L 0, 1 ,
w xlim A U f x s Ef x , x g 0, 1 m-a.e., 15 .  .  .  .n S
nª`
where
`
1 ynÄ ÄEf x s ff dm, x g S supp f m-a.e. 16 .  . .DH
0 ns0
` yn Ä . w xIn particular, if D S supp f s 0, 1 , thenns0
1 Ä w xlim A U f x s ff dm, x g 0, 1 m-a.e. 17 .  .  .Hn S
nª` 0
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ÄProof. The existence of f is guaranteed by Theorem 2.1 while its
uniqueness and the ergodicity of S with respect to the invariant measure
Ä . w xm A s H f dm have been established by Li and Yorke in 8 . By theÄ A
Ä  .Birkhoff Individual Ergodic Theorem, there is N ; supp f with m N s 0Ä
1  .such that for f g L 0, 1 ,mÄ
1 1 Ä w xlim A U f x s f dm s ff dm, x g 0, 1 m-a.e. 18 .  .  .Ä ÄH Hn S
nª` 0 0
Ä Ä .  .From 0 s m N s H f dm and N ; supp f , we see that m N s 0.Ä N
Ä Ä  .Since f is of bounded variation by Theorem 2.1, f is bounded and 18 is
1 ` yn Ä .  .still valid for f g L 0, 1 . Denote B s D S supp f and C sns0
` yn .  .D S N . Then m C s 0 from the nonsingularity of S. Now letns0
 .  .D s B y C, the set of all elements in B but not in C. Then m D s m B ,
and for any x g D,
j ÄS x g supp f y N. .
 .  .Thus Lemma 3.2 and 18 give 16 .
Ä y1 ` yn Äw x.   ..Remark 3.2. Since supp f ; S 0, 1 , and S D S supp f sns0
` yn Ä .D S supp f ,ns0
`
yn Ä w xS supp f ; S 0, 1 . . .D
ns0
It would be interesting to see when they are equal.
4. CONCLUSIONS
With the help of the classic definition of variation, we proved the mean
ergodic theorem and the pointwise ergodic theorem for the class of
piecewise monotonic stretching mappings and the class of piecewise con-
vex mappings with a strong repellor on the unit interval. It seems a new
approach to use the Frobenius]Perron operator to study the asymptotic
property of the composition operator. Using the modern notion of varia-
tion for functions of multi-variables, the same result can be obtained for
multi-dimensional piecewise expanding mappings the existence of whose
w xinvariant measures have been obtained in 3 . Moreover, most results of
 .the paper are still true if the measure space X, S, m is s-finite. Finally, it
will be interesting to study more general nonsingular transformations for
which the corresponding Frobenius]Perron operators are constrictive.
ERGODIC THEOREMS 205
REFERENCES
1. I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai, ``Ergodic Theory,'' Springer-Verlag, New
York, 1982.
2. N. Dunford and J. Schwartz, ``Linear Operators. Part I. General Theory,'' Interscience,
New York, 1958.
3. P. Gora and A. Boyarsky, Absolutely continuous invariant measures for piecewise expand-Â
2 N  .ing C transformations in R , Israel J. Math. 67, No. 3 1989 , 272]286.
4. U. Krengel, ``Ergodic Theorems,'' de Gruyter, Berlin, 1985.
5. A. Lasota and M. Mackey, ``Chaos, Fractals, and Noises,'' 2nd ed., Springer-Verlag, New
York, 1994.
6. A. Lasota and J. A. Yorke, On the existence of invariant measures for piecewise
 .monotonic transformations, Trans. Amer. Math. Soc. 186 1973 , 481]488.
7. A. Lasota and J. A. Yorke, Exact dynamical systems and the Frobenius]Perron operator,
 .Trans. Amer. Math. Soc. 273 1982 , 375]384.
8. T. Y. Li and J. A. Yorke, Ergodic transformations from an interval into itself, Trans. Amer.
 .Math. Soc. 235 1978 , 183]192.
9. S. Ulam, ``A Collection of Mathematical Problems,'' Interscience Tracts in Pure and
Applied Math., Vol. 8, Interscience, New York, 1960.
